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Abstract. Let A be a tame quasi-tilted algebra and d the di- 
mension vector of an indecomposable A-module. In the paper we 
prove that each irreducible component of the variety of A-modules 
of dimension vector d is regular in codimension one. 



Throughout the paper k denotes a fixed algebraically closed field. 
Unless otherwise stated all considered modules are finite dimensional 
ones. By Z, N, and N+, we denote the sets of integers, nonnegative 
integers, and positive integers, respectively. For i, j G Z we denote by 
[i, j] the set of all / G Z such that i < I < j. 

Introduction and the main result 

The class of finite dimensional algebras may be divided into two dis- 
joint subclasses (see also [IH])- The first class consists of the tame 
algebras for which indecomposable modules occur in each dimension 
in a finite number of one-parameter families fll.ip . The second class 
is formed by the wild algebras whose representation theory is as com- 
plicated as the study of finite dimensional vector spaces together with 
two (not necessarily commuting) endomorphisms. The solution of the 
latter problem would imply the classification of modules over arbitrary 
finite dimensional algebra, hence one may hope to solve classification 
problems only for tame algebras. 

Given a finite dimensional algebra A and a nonnegative element d of 
the Grothendieck group of the category of A-modules (such elements of 
the Grothendieck group are called dimension vectors), it is an interest- 
ing problem to study the variety modA(d) of A-modules of dimension 
vector d f l2.ip possessing a natural action of a corresponding product 
GL(d) of general linear groups (Q (see [5l[6l[8l[9llIIl[l5l[19l|2lMll37l 
l39] for some results in this direction). In particular, one may ask ques- 
tions about irreducible components of modA(d) and their properties. 
This problem is nontrivial only for algebras which are not hereditary, 
since modA(d) is an affine space provided gldimA < 1. A natural 
class of algebras obtained by weakening homological constrains put on 
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hereditary algebras is that of the quasi-tilted algebras (ll.7p . It seems 
to be natural to study how much varieties of modules over quasi-tilted 
algebras differ from varieties of modules over hereditary algebras. 

The categories of modules over quasi-tilted algebras have been in- 
tensively studied (see for example [251 - I271I331I38] ) . In particular, the 
categories of modules over tame quasi-tilted algebras have been de- 
scribed (see [H], also [2Hl[35l[36]). Since some geometric properties of 
points of varieties of modules translate into properties of corresponding 
modules, it is appealing to use information about categories of modules 
in studying varieties of modules. 

This strategy has been successfully applied in [HlHlinilll]- In par- 
ticular, the main results of [HIE] imply that if d is the dimension vec- 
tor of an indecomposable module over a tame quasi-tilted algebra A, 
then modA(d) has at most two irreducible components. Moreover, if 
modA(d) is irreducible, then it is normal, hence its unique irreducible 
component is regular in codimension one (12. 3p . However, no further 
information about properties of the irreducible components of modA(d) 
in the remaining cases was obtained at that time. A first step in order 
to fill this gap was made in fT^ by proving that if X is an indecom- 
posable directing module (II. 8p over a tame algebra A (which may be 
assumed without loss of generality to be quasi-tilted) of dimension vec- 
tor d, then the closure of the GL(d)-orbit of X (which is an irreducible 
component of modA(d)) is normal, hence again regular in codimension 
one. The main result of the paper extends the latter property to all ir- 
reducible components of varieties of modules over quasi-tilted algebras 
for dimension vectors of indecomposable modules. 

Theorem 1. Let A be a quasi-tilted algebra and d a dimension vector 
of an indecomposable A-module. If V is an irreducible component of 
modA(d), then V is regular in codimension one. 

We remark that the dimension vectors of the indecomposable mod- 
ules over the tame quasi-tilted algebras can be characterized combina- 
torially ffLTll . 

An important direction of research is study of properties of closures of 
orbits in varieties of modules (see for example [^ [T2llT6t H2 |l^8l - [5T] ) . If X 
is a module of dimension vector d over an algebra A with Fjxt\{X, X) = 
0, then one easily gets that the closure of the GL(d)-orbit of X is an 
irreducible component of modA(d) II. 2. 7, Folgerung]. Thus we 
have the following immediate consequence of the main result of the 
paper. 

Corollary 2. Let X be an indecomposable module over a tame quasi- 
tilted algebra A of dimension vector d. If'Ext\{X,X) = 0, then the 
closure of the GL{d) -orbit of X is regular in codimension one. 

It is an open problem if the closure of the orbit of X is regular in 
codimension one for an arbitrary indecomposable module X over a 
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tame quasi-tilted algebra. In [17] Zwara presented an example show- 
ing that in general closures of orbits of (arbitrary) modules over tame 
quasi-tilted (even hereditary) algebras do not have to be regular in 
codimension one. 

The paper is organized as follows. In Section [T] we present necessary 
information about quivers and quasi-tilted algebras, while in Section [2] 
we collect useful facts about varieties of modules. Next, in Section [3] we 
describe technical conditions under which a distinguished component 
of a module variety is regular in codimension one. This condition is 
used among others in Section H] in order to prove the main result. 

For a basic background on the representation theory of algebras (in 
particular, on tilting theory) we refer to [T]. Basic algebraic geometry 
used in the article can be found in [HT] . 

The article was written while the author was staying at the Univer- 
sity of Bielefeld as the Alexander von Humboldt Foundation fellow. 

1. Preliminaries on quivers and quasi- tilted algebras 

1.1. A finite dimensional algebra A is called tame if for every d G 
there exist A-/c[T]-bimodules Mi, . . . , M„, which are free of rank d as 
/c[T]-modules (in particular, in contrary to our usual assumption, they 
are not finite dimensional) such that for each indecomposable A-module 
X there exist i G [1, n] and A G such that X ~ Mi®k[T] {k[T]/ {T-X)). 

1.2. By a quiver A we mean a finite set Aq of vertices and a finite set 
Ai of arrows together with maps s, t : Ai ^ Aq which assign to a G Ai 
the starting vertex and the terminating vertex t^. By a path of 
length n G N+ we mean a sequence a = ai ■ ■ ■ a„ with ai, G Ai 
such that Sq,. = ta-^-^ for each i G [1, n — 1]. In the above situation we 
put So- = and = t^^ . Additionally, for each a; G Aq we introduce 
the trivial path of length starting and terminating at x and denoted 
by X. A path a of positive length such that = is called an oriented 
cycle. A subquiver A' of A (i.e. a pair (Aq, A'^) such that Aq C Aq, 
A[ C Ai, and Sa,ta G Aq for each a G A'^) is called convex if for every 
path «! ■ ■ ■ a„ in A with G Ai and Sa„, t^^ G Aq, Sa, G Aq 
for each i G [1, n — 1]. 

1.3. For a quiver A we denote by A; A the path algebra of A defined 
as follows. The elements of kA are the formal linear combinations of 
paths in A and for two paths Ui and a2 the product of Ui and (T2 is 
either the composition cri(T2 of paths, if Sa-^ = ta-2, or 0, otherwise. Fix 
x, ?/ G Aq and let p = Aicri + ■ ■ ■ + A„(T„ for n G N+, Ai, . . . , A„ G k, 
and paths ai, . . . , (T„. If s^^ = x and to-. = y for each i G [1,"^.], then 
we write Sp = x and tp = y. If additionally, the length of is at 
least (more than) 1 for each i G [l,n], then p is called a relation (an 
admissible relation, respectively). A set of relations is called minimal 
if p does not belong to the ideal generated by 1H\ {p} for each 
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p e IH. If 91 is a minimal set of admissible relations such that there 
exists n G with the property a G (IH) for each path a of length at 
least n, then the pair (A, 9^) is called a bound quiver. If (A, 91) is a 
bound quiver, then fcA/(9l) is called the path algebra of (A, 91). 

Gabriel proved (see for example pi, Corollaries 1.6.10 and II. 3. 7]) 
that for each finite dimensional algebra A there exists a bound quiver 
(A, 91) such that the category mod A of A-modules is equivalent to the 
category of modules over the path algebra of (A, 91). In addition, A 
is uniquely (up to isomorphism) determined by A and we call it the 
Gabriel quiver of A. Consequently, from now on we assume that all 
considered algebras are path algebras of bound quivers. In particular, 
all considered algebras will be finite dimensional. 

1.4. Let A be a quiver. By a representation of A we mean a collection 
M = {Mx, Ma)x£Ao,a£Ai of finite dimensional vector spaces M^, x G 
Ao, and linear maps Ma '■ Mg^ Mt^, a G Ai. If M and are 
representations of A, then the morphism space HomA(M, A^) consists 
of the collections / = {fx)xeAo of linear maps fx : — > N^., x G Aq, 
such that Nafsc = ft^^a for each a G Ai. li a = ai ■ ■ ■ an, for n G N+ 
and q;„ G Ai, is a path, then for a representation M of A we 
put Mo- = Mq,^ ■ ■ ■ Ma„. Similarly, if p = AiO"i + ■ ■ ■ + A„cr„, for n G N+, 
Ai, . . . , A„ G k, and paths ui, . . . , (T„ in A, is a relation, then for a 
representation M of A we put Mp = XiM^-^ + ■ ■ ■ + A„Mo-„. 

1.5. Let (A, 91) be a bound quiver. By rep(A,9t) we denote the full 
subcategory of the category of representations of A consisting of the 
representations M such that Mp = for each p G 9t. If A is the path 
algebra of (A, 91), then the assignment which assigns to a A-module 
M the representation {Mx, Ma)x£Ao,a£Ai, where Mx = xM for a; G Aq 
and Maim) = am for a G Ai and m G Mg^, induces an equivalence 
between mod A and rep(A,9l) (see for example pD, Theorem III. 1.6]). 
We will usually treat this equivalence as identification. With M G 
rep(A, 91) (hence also with every A-module) we associate its dimension 
vector dimM G Z,^" defined by (dimM)^. = dim^ M^. for x G Aq. 
Obviously, dimM G N'^". We call the elements of N^" dimension 
vectors. By the support of a dimension vector d we mean the full 
subquiver suppd of A with {a; G Aq | dx ^ 0} as the set of vertices (a 
subquiver A' of A is called full if A'^ consists precisely of all a G Ai such 
that Sa,ta G Aq). A dimension vector d is called sincere (connected) 
if suppd = Aq (suppd is connected, respectively). 

1.6. Let (A, 91) be a bound quiver. With (A, 91) we associate the 
bilinear form (— , — )a,<h '■ x ~^ ^ and the quadratic form 
9a, • — Z in the following way: 

(d', d") = « - E + E 

xgAo xsAi pe5H 
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for d',d" e Z^o and qA,m{^) = {d, (1)^,91 for d G Z^o_ Let A be the 
path algebra of (A, 91). If A is triangular (i.e. there are no oriented cy- 
cles in A), then (— , — )a',w = (— , ~)a,r for each bound quiver (A', 
such that kA' / ~ A [14, Proposition 1.2]. Thus in this case we 
may write (— , — )a and gA instead of (— , — )a,5h and gA,«K, respectively. 
Additionally, if gldimA < 2, then 

(dimM, dim A^)a 

= dinifc HomA(M, N) - dinifc Ext\(M, A^) + dinifc Exti(M, A^) 
for all A-modules M and A^ Proposition 2.2]. 

1.7. An algebra A is called quasi-tilted if gldimA < 2 and either 
pd^X < 1 or idA^ < 1 for each indecomposable A-module X. Equiv- 
alently, an algebra A is quasi-tilted if and only if there exists a tilting 
object T in a hereditary category Ti such that A ~ End7^(T)°P [261 The- 
orem II. 2. 3]. The quasi-tilted algebras are triangular [261 Proposi- 
tion III. 1.1 (b)], hence the forms (— , — )a and q\ are defined for a 
quasi-tilted algebra A. Moreover, a quasi-tilted algebra A is tame if 
and only if qtvid) > for each dimension vector d Theorem A]. 
Additionally, if d is a dimension vector, then there exists an indecom- 
posable A-module of dimension vector d if and only if d is connected 
and qA^d) G {0, 1}. Finally, if d is a connected dimension vector and 
gA(d) = 1, then there exists a unique (up to isomorphism) indecom- 
posable A-module of dimension vector d. 

1.8. A important class of quasi-tilted algebra is that of the tilted al- 
gebras. An algebra A is called tilted if there exists a tilting module T 
over a hereditary algebra H such that A ~ End//(T)°P (see for exam- 
ple [H Chapter VIII] for more on tilted algebras). Recall that a module 
T over an algebra A is called tilting if pd^ T < 1, Fjxt\(T, T) = 0, and T 
is a direct sum of n pairwise nonisomorphic indecomposable A-modules, 
where n is the number of the vertices in the Gabriel quiver of A. For 
a tilting module T over an algebra A we define two full subcategories 
J^(T) and r(T) of mod A by 

jr(T) = {M G mod A | HomA(T, M) = 0} 

and 

r(T) = {A^ G mod A | Extj^(T, A^) = 0}. 

Bakke proved [5| Theorem] that an algebra A is tilted if and only if 
there exists a directing tilting A-module T. Here, a module T over an 
algebra A is called directing if and only if there exists no sequence 

V V \r f" s/- 
Aq — > Ai ^ ■ ■ • ^ A„_i > A.n 

of nonzero nonisomorphism /i, . . . , /„ between indecomposable A- 
modules Xq, . . . , Xn such that Xq and X„ are direct summands of 
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T and ~ taXj+i for some i G — 1], where ta denotes the 

Auslander-Reiten translation of mod A (see [U Section IV.2] for a 
definition and basic properties of the Auslander-Reiten translation). 
The following properties of directing tilting modules will be useful 
for us (see [T, Chapter VIII; '2]): if T is a directing tilting module 
over an algebra A, then mod A = JF(T) V T(T), pdAM < 1 for each 
M e J^(T), idA < 1 for each A^ G T(T), and HomA(Ar, M) = and 
Ext\{M, N) =0 for all M G J^{T) and A^ G T(T). In the paper, if X 
and 3^ are two full subcategories of mod A for an algebra A, then we 
denote by A" V 3^ the additive closure of their union. 

1.9. Another important class of quasi-tilted algebras is formed by the 
concealed canonical algebras introduced in |i32j — we refer to [32] for 
the definition of concealed canonical algebras and proofs of their prop- 
erties listed below. If A is a concealed canonical algebra, then it pos- 
sesses a sincere separating tubular family 71 (in the sense of [38], see 
also [alllO]). Moreover, if 

V = {M e mod A I HomA(i?, M) = for each R e TZ} 

and 

Q = {A^ G mod A | HomA(A^, R) = for each R G 7^}, 

then mod A = P V 7^ V Q, pdA M < 1 for each M G P V 7^, idA A^ < 1 
for each A^ G 7^ V Q, and HomA(A^,M) = and ExtA(M, A^) = if 
either M G P V 7^ and A^ G Q or M G "P and A^ G 7^ V Q. 

2. Module varieties 

2.1. Let A be the path algebra of a bound quiver (A, 9^) and d G N^°. 
By the variety modA(d) of A-modules of dimension vector d we mean 
the set consisting of all M G rep(A,£H) such that = k'^='. By 
forgetting the spaces M^, x G A, we identify modA(d) with the Zariski- 
closed subset of JH^q.^^ ^dt„ xds^ (^)- Observe that for each A- module A^ 
of dimension vector d there exists M G modA(d) such that M c::^ N. We 
will usually assume that all considered A-modules are points of module 
varieties. Observe that the above construction can be performed for 
any pair (A', consisting of a quiver A' and a set of relations 9^' (not 
only for bound quivers). The varieties obtained in this way are called 
representation varieties. 

2.2. Let A be an algebra, A its Gabriel quiver, and d G N^°. Then 
GL(d) = n^.gAo G^Ld, (A;) acts on modA(d) by conjugation: {gM)^, = 
Qt^MaQj^ for g G GL(d), M G modA(d), and a G Ai. Observe that 
M ~ a" for M,N e modA(d) if and only if C(M) = 0{N), where 
for M G modA(d) we denote by 0{M) its GL(d)-orbit. One easily 
calculates that dimC(M) = dimGL(d) -dim^ EndA(M) for each M G 
modA(d) [30l 2.2]. If W is a GL(d)-invariant subset of modA(d) and 
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M then we say that 0{M) is maximal in U if there is no G W 
such that 0{M) C 0{N) and N ^ M. 

Fix M,N G modA(d). The formula for the dimension of an orbit 
implies in particular that dimfcEndA(M) < dimfcEndA(A^) provided 
0{N) C 0{M) and 9^ M. Moreover, if there exists an exact se- 
quence N i ^ M ^ N2 ^ such that Ni Q) N2 ~ N, then 
0{N) C 0{M) (see for example [T71 Lemma 1.1]). On the other hand, 
it has been proved in [HI Corollary 6] that if A is tame and quasi- 
tilted, then 0{N) C 0{M) if and only if there exist exact sequences 
^ ^ Ul' 0, i e [0,n], for n e N, such that M ~ Vq, 

Vi ^ Ul_^ © UlU for each i G [1, n], and f/; © ^ A^. 

2.3. Let V be an affine variety. Recall that x G V is called a regular 
point of V if the dimension of the tangent space T^V to V at x equals 
the maximum of the dimensions of the irreducible components of V con- 
taining X (see for example [3T, VI. 1]). In particular, if V is irreducible, 
then a; G V is a regular point of V if and only if dim^ T^-V = dim V. In 
general, if V is an irreducible component of V and x G V is a regular 
point of V, then x does not belong to an irreducible component of V 
different from V'. In particular, in the above situation x is a regu- 
lar point of V'. We say that V is regular in codimension one if the 
codimension of the complement of the set of regulars points of V is 
at least 2. For example, normal varieties are regular in codimension 
one [2II Section 11.2]. Recall, that V is called normal if V is irreducible 
and its coordinate ring is an integrally closed domain. 

2.4. Let A be the path algebra of a bound quiver (A, 9^) and d', d" G 
Fix U G modA(d') and V G modA(d"). If p = Xi^i + ■■■ + A„a„, 

for n G N+, Ai, . . . , A„ G k, and paths (Xi, . . . , cr„ in A, is a relation, 
then for Z G HaeAi ^d[^xd'j^ik) we put 



provided at = ■ ■ ■ ai^rn,, with Oj^i, . . . , ai^rn, e Ai and rrii G N+ for 
each i G [l,n]. Let Z{V,U) be the set of all Z G HaeAi xd'4 (^) 
such that Zp = for each p G 91. With every Z G Z(V, U) we associate 

the exact sequence : ^ U of A-modules, where 

= U^®V^ for X G Aq, Wa= [^0 v2] fo^ " ^ ^1' ^^"^ 9^ ^'^^ 

the canonical injection and projection, respectively, for x G Aq. This 
assignment induces a surjective linear map Z{V,U) Ext\{V,U). Let 
B(V, U) be the kernel of this map. Then 




dimfe M{V, U) = - dimfc HomA(V, U) + d'J[ 



'X 



xeAo 
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and, consequently, 

dinifc Z(V, U) = dinifc Exti(V, U) - dim^ HomA(V, U) + 

xeAo 

(compare [lEl 2.1]). 

2.5. Let A be an algebra and d a dimension vector. It can be easily 
verified that TMmodA(d) is a subspace of Z(M, M) for each M G 
modA(d) (compare [131 3.4]). Using this observation one may show for 
M G modA(d) that if A is triangular, gldim A < 2, and Ext\{M, M) = 
0, then dimfc Z(M,M) = aA(d) = XlagAi ds^dt^ - Epem^^P^tp ^ 
is a regular point of modA(d) (compare [HI Proposition 3.2]). Observe 
that if A is triangular and gldim A < 2, then aA(d) = dimGL(d) — 

gA(d). 

2.6. Let A be an algebra, M a A-module, and d a dimension vec- 
tor. For c? G N we define the subset H^{M) of modA(d) consisting of 
all N such that dim^ HomA(M, A^) = d. This is a (possibly empty) 
locally closed subset of modA(d). It follows from [IHl Section 3.4] 
(see also ^ Section 2]) that if G n^{M), then T^H^iM) is con- 
tained in the subspace ZmINjN) of 'L{N^N) consisting of all Z with 
dimfc HomA(M, W^) = 2 ■ dim^ HomA(M, A^). 

2.7. Let A be an algebra, and let d' and d" be dimension vectors. For 
c/ G N we define the subset ' of modA(d') x modA(d") consisting 
of all {U,V) such that HomA(V,f/) = and dimkExt\{V,U) = d. It 
follows from [THl Lemma 4.3] that is a (possibly empty) locally 
closed subset of modA(d') x modA (d"). Let {U,V) e Sa' . Then 
Tuy^d is contained in the subspace of Z(t/, U) x Z(V, V) consisting 
of all lz\ Z") such that the class of o^ + ^o^^" is zero in Exti(V, U) 
for each [C\ G ExtJ^(y,?7) [7| Proposition 3.3]. In particular, if A is 
triangular, gldim A < 2, Exi\{U,U) = = Ext^(V,y), and there 
exists an exact sequence ^:0— ^[/— ^M— >0 such that either 
Exti(M, [/) = or Exti(V, M) = 0, then 

dimfc TuySd'"^" < «(d') + a{d") - dim^ Ext^(V, U). 

Indeed, our assumptions imply that the map Z(f/, U) x Z(V, \^) — »• 
ExtA(V, [/), (Z', Z") 1-^ [.^^ o ^ + ^ o ], is surjective, hence the claim 
follows. 

2.8. Let A an algebra and d a dimension vector. For a full subcate- 
gory C of modA by C(d) we denote modA(d) fl C. Let V be the full 
subcategory of modA consisting of the modules of projective dimension 
at most 1. Then V{d) is an open subset of modA(d). Moreover, if A 



IRREDUCIBLE COMPONENTS OF MODULE VARIETIES 9 

is triangular and V{d) ^ 0, then V{d) is irreducible. Finally, if addi- 
tionally gldimA < 2, then dimP(d) = a\{d) (see 0, Proposition 3.1] 
for all the above claims). 

2.9. Let A be an algebra and d', d" dimension vectors. If W C 
modA(d') and U" C modA(d"), then W ®U" denotes the set of all 
M G modA(d' + d") such that M c:^ M' ® M" for some M' G W and 
M" G U" . Obviously, if W and U" are constructible (irreducible), then 
W ®IA" is also constructible (irreducible, respectively). Moreover, 

dim(W' © U") = dimW + dimW" + dim GL(d' + d') 

- dimGL(d') - min{dimfc Rom^iU' , U") \ U' G W, U" G U"} 
- dimGL(d") - min{dimfc HomA(?7", U') \ U' G W, U" G U"} 
(see for example [HI Lemma 3.4]). 

3. Geometric bisections 

In order to make possible to apply the arguments used in the proof 
of Proposition 13.11 in other situations, we start with developing the 
following technical concept. If A is an algebra, then a pair (A", y) of 
full subcategories of mod A, which are closed under direct sums, will 
be called a geometric bisection of mod A if the following conditions are 
satisfied: 

(1) A'V3^ = modA, 

(2) pdA X < 1 for each X G and idA F < 1 for each Y ey, 

(3) HomA(y, X) = and Exti(X, F) = for all X G A" and F G 3^, 

(4) if d is a dimension vector, then X{d) and y{d) are open subsets 
of modA(d). 

An example of a geometric bisection is provided by {J-'{T),T[T)) for 
a directing tilting module T over an algebra A (which is necessarily 
tilted). Indeed, the first three conditions are just the properties of 
directing tilting modules presented in (11. 8p . The remaining one follows 
from the upper-semicontinuity of the functions 

modA(d) 3 M ^ dim^ HomA(T, M), dim^ Ext\(T, M) G Z 

dHl Lemma 4.3]. 

Another example of a geometric bisection can be constructed for a 
concealed-canonical algebra A. Indeed, let V, 71 and Q be as in (11.91) . 
X = V, and y = TZ\/Q. Then it remains to show that the last condition 
of the definition is satisfied. However, the proofs of [6l Lemmas 3.7 
and 3.8] given for canonical algebras generalize easily to the case of 
concealed canonical algebras. 

Let A be an algebra of global dimension at most 2 with a geometric 
bisection (A", y). Observe that this means in particular that A is quasi- 
tilted. If X{d) 7^ for a dimension vector d, then X{d) = V{d), 
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hence in particular A'(d) is an irreducible component of modA(d) of 
dimension a/^{d) (see (12.81) ). 

Proposition 3.1. Let A be a quasi-tilted algebra with a geometric bi- 
section {X,y). Let d be a dimension vector such that X{d) ^ and 
for each N E X(d) \ X{d) such that 0{N) is maximal in X(d) \ X{d) 
there exists an exact sequence 0^Ni^M-^N2-^0 with M G X{d) 
and Ni (B N2 — N. Then X{d) is regular in codimension one. 

The proof basically repeats the arguments from [3, Proof of the main 
result], however some changes are necessary, hence we include it here 
for completeness. 

Proof. Since pd^^^M < 1 for each M G X{d), X{d) consists of points 
which are regular in X{d). Thus it suffices to show that for each 
irreducible component V of A'(d) \ X{d) there exists an open subset 
U of V consisting of regular points of A'(d). Fix such a component V. 
Our assumptions imply that there exist dimension vectors d' and d" 
such that X{d') © 3^(d") contains an open subset W of V. Put 

p = minjpd^ N \ N e U'}, d' = min{dimfc EndA(A^) | G U'}, . 
and 

d" = min{dimfc Ext\{N, N)\N eU'}. 

Let U be the set of all N E W such that does not belong to an 
irreducible component of X{d) \ X{d) different from V, pd^ = p, 
dimjt EndA(A^) = c?', and dim^ Extj\^(A^, A^) = d" . Then lA is an open 
subset of V. We show that A^ is a regular point of X{d) for each N ElA. 
The claim is obvious if p < 1, thus we may assume that pd^ N = 2 for 
each N eW. 

We first show that for each N E U there exists an exact sequence 
^ AT' ^ M ^ A^" ^ with M G A'(d), A^' g A'(d'), A^" g 3^(d"), 
and A^'© A^" ~ A^. Since 0{N) is maximal in X{d)\X{d), there exists 
an exact sequence ^ : — >• A^i — Mq — A^2 — ^ such that A^i © A'2 ~ A^ 
and Mq G X{d). Choose indecomposable direct summands A^( and N2 
of Ni and N2, respectively, such that po^oi : Q N[ M' N2 
does not split, where p : A^^i ^ A'^^ and i : ^ N2 are the canonical 
projection and injection, respectively. Write A^ = A'o © A^{ © A'2 and let 
M = A^o © M'. Then N ^ M, 0{N) C 0{M), and 0{M) C 0(Mo). 
Consequently, the maximality of 0{N) in X{d) \ X{d) implies that 
M G A*. This immediately implies that A"o © A^^l G X. Moreover, 
N'2 G 3^, since pd^ N = 2 and N2 is indecomposable, hence by adding 
0— ^•A'o— i^A^o— »-0 topo^oi we obtain the desired exact sequence. 

Now we prove that A^ in regular in X{d) for each N E U. Let 
^ A^' ^ M ^ A^" ^ be an exact sequence with M G A'(d), 
A^' G A'(d'), N" G 3^(d"), and A^' © A^" ~ A^. Obviously, we may 
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assume that N = N' (B N", i.e. G modA(d') x modA(d"), where we 
identify modA(d') x modA(d") with 







" 




(( 










U e modA(d'), V e modA(d")| C modA(d). 

Let Uq be the intersection of U with modA(d') x modA(d"). Then Uq 
is an open subset of (modA(d') x modA(d")) fl A'(d). Moreover, direct 
calculations show that Uq C for d = d" — d! + gA(d') + qki^d") + 

(d', d")A. Consequently, 



dimfcTiv((modA(d') x modA(d")) H X{d)) = dimfcT^vWo 

< dinifc T^v'.jv"^/''^" < aA(d') + aA(d") - dim^ Ext^ (iV", A^') 

according to (12. 7p . 

Now we show that T/vA'(d) < a(d) and this will finish the proof. 
Indeed, the above inequality implies that 



TN^id) < aA(d') + aA(d") - dim^ Extl{N", N') 

+ dimfc Z{N', N") + dim^ Z{N", N') 
and direct calculations prove the claim. □ 

4. Proof of the main result 

We start with presenting the following consequence of [HI Theorems 1 
and 2]. If A is a tame quasi-tilted algebra and d is the dimension 
vector of an indecomposable A- module, then modA(d) has at most two 
irreducible components and each irreducible component of modA(d) has 
dimension aA(d). Moreover, if modA(d) is irreducible, then modA(d) is 
normal, hence in particular regular in codimension one. On the other 
hand, if modA(d) is not irreducible, then we may assume that d is 
sincere and one of the following conditions is satisfied: 

(1) d = h + d' for nonzero connected dimension vectors h and d' 
with disjoint supports such that qA(h) = 0, qA^d') = 1, and 
d'^ < 1 each vertex x of the Gabriel quiver of A, 

(2) d = h' + h" for connected dimension vectors h' and h" such 
that gA(h') = = qA(h"), (h',h")A = 1, and (h",h')A = 0. 

We remark that in both cases q'A(d) = 1, hence there exists a uniquely 
determined (up to isomorphism) indecomposable A-module X of di- 
mension vector d. We study now the above described cases. In the 
below considerations we will use freely information about mod A and 
modA(d) for A and d as above obtained in [8l[9]. 

First assume that the condition ([T]) is satisfied. In this case A is 
either tilted or concealed canonical, hence in particular it possesses a 
geometric bisection {X,y). Up to duality, we may assume that X G 
X. A discussion of this case presented in [8], Section 5] shows that 
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under this assumption one of the irreducible components of modA(d) 
is X{d). Moreover, if 0{M) is maximal in A'(d) for M G modA(d), 
then M G X{d). Indeed, one shows that the maximal GL(d)-orbits 
in A'(d) are precisely the maximal GL(d)-orbits in modA(d) which are 
contained in X{d). The proof of this fact requires a more detailed 
description of mod A as given in [8, Section 5] and we leave it to the 
reader as an exercise. In particular, fl2.2p implies that for each G 
X(d) \ X(d) such that 0{N) is maximal in X(d) \ X{d) there exists 
an exact sequence O^A^i^M-^iVa-^O with M G A'(d) and A^i © 
N2 — N. Consequently, A'(d) is regular in codimension one according 
to Proposition 13.11 The other irreducible component of modA(d) in 
the case is (isomorphic to) modA(h) x modA(d'). The results of [8] 
imply that both factors are normal, hence regular in codimension one, 
and the claim follows for this component. 

Now we study the case (El). The irreducible components of modA(d) 
appearing in this case are described in [9] . This description implies that 
one of the irreducible components of modA(d) is 0{X). Moreover, X 
is directing, hence the claim follows from [131 Theorem 1.1]. Thus 
it remains to study the other irreducible component V of modA(d). 
We describe this situation more precisely. For p, q, r,s,t G let 
A(p, q, r, s, t) be the quiver 



02 ap-i ^2 ?s-i 




. . . ^ « « ^ . . . ^ « 

72 7r-l 52 St-1 



and 

9^(p, q,r,s,t) = {ai---ap- pi---pg + ji--- -fr, 

Then either A or A°p is isomorphic to kA{p, q, r, s, t)/yi{p, q, r, s, t) for 
some p,q,r,s,t G N_|_. Observe that if at least one of the numbers p, 
q, r equals 1, then (A(p, q, r, s, t), 9^(p, q, r, s, t)) is not a bound quiver. 
In this corresponding bound quiver is obtained by removing an 

appropriate arrow (this arrow may be not uniquely determined if at 
least two of the numbers p, q, r equal 1) and modifying !K(p, q, r, s, t) 
accordingly (see [IDl Section 2] for the list of bound quivers obtained in 
this way). This operation induces an isomorphism of the corresponding 
representation varieties, hence we may work with the above family of 
algebras in order to reduce the number of considered cases. 
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Thus assume that A = A;A/lH(p, g, r, s, t) for some p,q,r,s,t G N+, 
where we put A = A{p,q,r,s,t). Let A' (A") be the minimal convex 
subquiver of A containing a and b {h and c, respectively). If h' and h" 
are as in (121), then 



hL=\' ""^^ and K=\' ^^^0 
x^A[, " |0 x^A[; 



For A G A;\ {0, 1} we define the representation H\X) of A of dimension 
vector h' by 



A a = cti, 

A + 1 a = [3i, 

1 a G A'^, a 7^ ai, 

ae A'/. 




Similarly, we define the representation H"{X) of A of dimension vector 
h" for each A G A; \ {0}. Moreover, for each i G we define the 
representation H'{ai) of A of dimension vector h' by 



Similarly, we define the representations H\[3i), i G [1,5'], (in this case 
— 1 has to appear in the definition) and H'{'-fi), i G [1,t], of dimension 
vector h', and the representations H"{^i), i G [l,s], and H"{Si), i G 
[1, t], of dimension vector h". Let U be the union of 0{H'{u) ®H"{y)), 
ue{k\ {0, 1}) UA[,ve{k\ {0}) U A'(. Then V is the closure of U. 

Now we show that V = modA(h')©modA(h"). Since W C modA(h')© 
modA(h") and modA(h') © modA(h") is irreducible, it suffices to show 
that modA(h') ©modA(h") is closed. However, it can be easily checked 
that M G modA(h') © modA(h") if and only if rk[(M*'')„eAi] < 1, 

rk[(M„)„gAi] < 1, and Ma^'M^,, = for all a', a" G Ai with^s^,' = b = 

ta=b 

tall. 

As the next step we show that dim(V\W) < dim V — 2. Let W be the 
union of 0{H'{u)), ue {k\ {0, 1}) U A;. Then modA(h') \ W consists 
of M G modA(h') such that M^^ = Mp. = M^^ = for some i G 
j G [1,5'], and / G [1,t]. Thus dim(modA(h') \ U') = dimmodA(h') —2. 
Similarly, dim(modA(h") \ W) = dimmodA(h") — 2, where U" is the 
union of 0{H"{v)), v e {k\ {0}) U A'/. Since 

V \ W = (W © modA(h")) U (modA(h') © U"), 

the inequality dim(V \ W) < dim V — 2 follows from (12.91) . 

As the last step of the proof we show that U consists of regular 
points of V. Let S be the simple A-module at b, i.e. = d^^k for 
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X G Aq, where 6x,y is the Kronecker delta. Then U C Hf{S) and Hfi^S) 
contains an open subset of V. Consequently, TmV C Zs{M, M) for each 
M eU (US]). However, if M = H'{u) © H"{v) for u e {k\ {0, 1}) U A; 
and f G (A; \ {0}) U A'/, then direct calculations show that 

Zs(M, M) = Z{H\u), H\u)) ® Z{H"{v), H"{v)) 

© Z{H'{u), H"{v)) © M{H"{v), H\u)). 

By applying formulas from fl2.4l) we get dim^ Z5'(M, M) < aA(d), and 
this finishes the proof. 
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